Let π(G) denote the set of prime divisors of the order of a finite group G. The prime graph of G, denoted Γ G , is the graph with vertex set π(G) with edges {p, q} ∈ E(Γ G ) if and only if there exists an element of order pq in G. In this paper, we prove that a graph is isomorphic to the prime graph of a solvable group if and only if its complement is 3-colorable and triangle free. We then introduce the idea of a minimal prime graph. We prove that there exists an infinite class of solvable groups whose prime graphs are minimal. We prove the 3k-conjecture on prime divisors in element orders for solvable groups with minimal prime graphs, and we show that solvable groups whose prime graphs are minimal have Fitting length 3 or 4.
Corollary 3. The prime graph of any solvable group has girth 3 aside from the following exceptions: the 4-cycle, the 5-cycle, and the 7 unique forests that do not contain an independent set of size 3.
In the remaining sections of the paper, we present an extended application of how properties of solvable groups may be derived from their prime graphs using the Frobenius digraph and our main theorem. We introduce the class of prime graphs that are minimal with respect to the property that they are isomorphic to the prime graph of some solvable group. We are able to show that any solvable group of order n with a minimal prime graph contains an element whose order is divisible by at least one third of the primes dividing n. As our final result, we show that any solvable group with a minimal prime graph has Fitting length of 3 or 4, after which we present examples of solvable groups having minimal prime graphs and both possible Fitting lengths. This final result is reminiscent of Lucido's work on solvable groups with prime graphs of diameter 3 in [11] , which also have Fitting length 3 or 4. If G is a solvable group, we denote the Fitting length of G by ℓ F (G). Before we begin, let us briefly introduce the notational conventions to be used throughout this paper. Unless stated otherwise, all graphs will be assumed simple and all groups finite. In an undirected graph Γ, we denote edges {p, q} ∈ E(Γ) by pq ∈ Γ. For edges in a directed graph Γ ⇀ , we write edges from p to q as either pq ∈ Γ ⇀ or p → q when unclear. Subgraphs of a graph F induced by a subset π ⊆ V (F ) will be denoted F [π]. When we refer to cycles or paths in a directed graph, it is implicitly assumed that these cycles and paths are directed. We refer to paths on n + 1 vertices with n edges as n-paths.
In an undirected graph Γ, the k-neighborhood of a vertex v ∈ Γ, which we will denote N k (v), is defined as the set of vertices u ∈ Γ such that a path in Γ exists connecting u and v and the shortest such path has length k. In a directed graph Γ ⇀ , a distinction is made between k-in-and k-out-neighborhoods of v. The k-in-neighborhood of v is denoted N k ↑ (v) and consists of vertices u ∈ Γ ⇀ for which there exists a directed path in Γ beginning with u and ending with v and such that the shortest such path has length k. The k-out-neighborhood of v, denoted N k ↓ (v) is defined similarly, but instead for paths beginning with v and ending in u.
We will sometimes write subgroups in the Fitting series of G by F k (G) (or F k when there is no ambiguity), so that F 1 (G) = Fit(G), F 2 /F 1 = Fit(G/F 1 ), and so on. For a prime p dividing |G|, unless stated otherwise, we denote by P an arbitrary Sylow p-subgroup of G, and all statements about P apply to every Sylow p-subgroup of G. Finally, unless stated otherwise, for a set π of primes dividing |G|, we denote by H π a Hall π-subgroup of G, unless π consists of only two (or three, resp.) primes p and q (and r), in which case we write H pq (or H pqr ).
Characterization.
In this section, we characterize the prime graphs of solvable groups.
We would like to determine as much as possible about the way that Sylow subgroups of a solvable group G interact given information from Γ G . We know from [15, Thm. A] that any solvable group with a disconnected prime graph is Frobenius or 2-Frobenius. Therefore, we can pick out disconnected subgraphs of Γ G to find Hall subgroups that contain fixed point free action. We begin by defining 2-Frobenius groups, introducing some new terminology, and providing additional details regarding their structure.
Definition.
A group G is a 2-Frobenius group if F 2 and G/F 1 are Frobenius groups, where F 1 = Fit(G) and F 2 /F 1 = Fit(G/F 1 ). We will often refer to the Frobenius kernel of G/F 1 as the upper kernel of G and the Frobenius kernel of F 2 as the lower kernel of G.
We immediately see that in a 2-Frobenius group G, the primes dividing [F 2 : F 1 ] are disjoint from those dividing |F 1 | or [G : F 2 ]. In fact, we will see they form a clique in Γ G .
Lemma 2.1. Let G be a 2-Frobenius group where F 1 = F (G) and F 2 /F 1 = F (G/F 1 ). Then G/F 2 and F 2 /F 1 are cyclic groups, F 1 is not a cyclic group, and the upper kernel of G is a cyclic group of odd order.
Proof. F 2 /F 1 , which we will write H, is the upper kernel of G. Thus H is nilpotent by Thompson's theorem. We also know that H is isomorphic to a Frobenius complement of F 2 , so all Sylow subgroups of H are cyclic or generalized quaternion. Every Sylow subgroup of H must then be a Frobenius kernel. It is easy to see that a cyclic 2-subgroup and a generalized quaternion group cannot be a Frobenius kernel, so the Sylow 2-subgroup of H is trivial. All other Sylow subgroups are cyclic, so since H is nilpotent, we conclude that H is cyclic of odd order.
We know that C G/F 1 (H) H so G/F 2 is isomorphic to a subgroup of the automorphism group of H. Since H is a cyclic group of odd order, its automorphism group is cyclic, so G/F 2 is cyclic. Finally, we know that C G (F 1 ) F 1 , so G/F 1 is isomorphic to a subgroup of the automorphism group of F 1 . If F 1 is cyclic, its automorphism group is abelian. Since G/F 1 is a Frobenius group, we conclude that F 1 is not cyclic.
We notice that the simplest disconnected subgraphs of Γ G occur whenever an edge pq / ∈ Γ G as Γ G [{p, q}]. This tells us that a Hall {p, q}-subgroup H pq is either Frobenius or 2-Frobenius. Thus it is convenient to distinguish the following type of 2-Frobenius groups.
Definition. If G is a 2-Frobenius group for which there are primes p and q so that G/F 2 and F 1 are p-groups and F 2 /F 1 is a q-group, we say that G is a 2-Frobenius group of type (p, q, p). Proof. Let R = Fit(H) and S = F 2 (H). In light of the previous remark, R is the Sylow p-subgroup of S. Let Q ∈ Syl q (H). Since Q is a Frobenius complement to R in S, we have N S (Q) = Q. By the Frattini argument,
Thus, P is a complement to S in H. Observe that P R is a p-group and |H : P R| = |Q|, so P R is a Sylow p-subgroup of H.
The preceding lemmas provide a description of Hall {p, q}-subgroups for all nonedges in pq / ∈ Γ G , but what do these facts mean together? We are motivated to study the formation of edges in Γ G and watch for emergent properties in the group structure, suspecting the whole to be greater than the sum of its parts. To this end, we assign directions to the edges in Γ G .
Definition. Define an orientation of Γ G for a finite solvable group G as follows. For each edge pq ∈ Γ G , a Hall {p, q}-subgroup H pq is either a Frobenius or 2-Frobenius group by [15, Thm. A] . If H pq is a Frobenius group with complement a Sylow p-subgroup and kernel a Sylow q-subgroup, we direct the edge pq in Γ G ⇀ so that p → q. If H pq is a 2-Frobenius group of type (p, q, p), we direct the edge pq in Γ G ⇀ by p → q. We call this orientation the Frobenius digraph of G, denoted Γ G ⇀ .
Remark. We choose to direct the edges associated with 2-Frobenius groups in Γ G ⇀ based on the "higher"
Frobenius action so that the orientation is preserved when taking factor groups. This way, we are guaranteed that if p → q in Γ G ⇀ , the Frobenius kernel of either H pq or H pq /F 1 (H pq ) will be a Sylow q-subgroup.
It is also possible to define Γ G ⇀ so that edges corresponding to 2-Frobenius groups are oriented based on
When r → q and q → p in Γ G ⇀ , we notice that Γ G [{p, q, r}] is disconnected, so a Hall {p, q, r}-subgroup must be Frobenius or 2-Frobenius. We next define 2-Frobenius groups of type (p, q, r), which we then show are closely related to such 2-paths r → q → p in Γ G ⇀ .
Definition. Suppose that there exist distinct primes p, q, and r so that G = P QR, where P , Q, and R are Sylow p-, q-, and r-subgroups respectively, P Q is a Frobenius group with kernel P , and QR is either a 2-Frobenius group of type (r, q, r) or a Frobenius group with Frobenius kernel Q. Then we say that G is a 2-Frobenius group of type (p, q, r).
Observe that if G is a 2-Frobenius group of type (p, q, r), then Γ G ⇀ has the form r → q → p. We next show that the converse is true, that is, that subgraphs of Γ G ⇀ of the form r → q → p correspond to 2-Frobenius Hall subgroups of type (p, q, r). One of the connected components is the set of primes dividing |C| and the other is the set of primes dividing |K|. Thus either K or C is a Sylow q-subgroup of H. Suppose C is a Sylow q-subgroup of H. Since K is nilpotent, the Sylow r-subgroup R of K is normal in K. However, then C normalizes R and RC is a Frobenius group with kernel R, contradicting that r → q in Γ G ⇀ . On the other hand, if K is the Sylow q-subgroup of H, we see that HP is a Frobenius group with kernel H, contradicting q → p in Γ G ⇀ . Thus we conclude that H is not Frobenius.
We now know that H is 2-Frobenius, so it remains to be shown that H is of type (p, q, r). Observe that either F 2 /F 1 is the Sylow q-subgroup of H/F 1 or F 1 and H/F 2 are both q-groups. Suppose F 1 and H/F 2 are q-groups. Let C be a complement to F 2 in H, and let R be a Sylow r-subgroup of H. Since G/F 1 is a Frobenius group, RF 1 is normal in G. We see that CRF 1 is a Hall {q, r}-subgroup of H and is a 2-Frobenius group of type (q, r, q), and we have q → r in Γ G ⇀ , a contradiction. Thus, F 2 /F 1 is the Sylow q-subgroup of G, which is cyclic by Lemma 2.1. We note that a Hall {q, r}-subgroup of H is either 
Observe that C will normalize P Q. It is not difficult to see that P QC is a 2-Frobenius group, and so, by Lemma 2.1, we see that P is not cyclic.
In fact, we can extend this result to gain even more information from 2-paths in Γ G ⇀ . Proof. We begin by showing that if F is a 3-colorable, triangle free, then an acyclic orientation of F exists that does not contain a 3-path. Take any 3-coloring of F and arbitrarily label the vertices with numbers 1, 2, and 3 so that vertices of the same color have the same label. Direct the edges of F from lower to higher numbered colors. By construction, the resulting orientation is acyclic and contains no 3-paths.
Now, let F ⇀ be any acyclic orientation of F that does not contain a directed 3-path. We now show that there is a solvable group G whose Frobenius digraph is isomorphic to F ⇀ . Let O be the set of vertices in F ⇀ with in-degree 0 and non-zero out-degree, D the set of vertices with both in-and out-degrees non-zero, and I the vertices with out-degree 0. (Here O reminds us of "outgoing" vertices, D reminds us of "double Frobenius" as by Lemma 2.4 vertices with this property imply the existence of a 2-Frobenius Hall subgroup, and I reminds us of "ingoing" vertices, including singleton vertices in I.) Denote the number of vertices in each of these sets by n o , n d , and n i , respectively.
Let P = {p j ∈ P : j = 1, . . . , n o } be a set of distinct primes and define p = p 1 p 2 · · · p no . By Dirichlet's theorem, we can pick a set Q = {q k ∈ P : k = 1, . . . , n d } of distinct primes such that q ≡ 1 (mod p) for every prime q ∈ Q. Define a directed graph Λ ⇀ with vertex set P Q and edge set defined by the image of some fixed injective graph homomorphism Φ :
for each pair of primes p j ∈ P, q k ∈ Q, we can define a semidirect product K = U ⋊ T by allowing C p j to act fixed point freely on C q k if p j q k ∈ Λ ⇀ and trivially otherwise. It follows that each Hall {p j , q k }-subgroup of K is a Frobenius group if p j q k ∈ Λ ⇀ and a direct product otherwise. Note that Λ ⇀ is the Frobenius digraph of
K.
For each vertex v ∈ I, let Φ 1 (v) denote the set of primes in the image of
. . , n i } be a set of distinct primes so that each v j ∈ I is associated with a unique r j . When
For the remaining vertices in I, again by Dirichlet, we may insist that
the semidirect product where any subgroup C s K for s ∈ P Q acts on R v j by the appropriate module action when s ∈ Φ 1 (v j ) Φ 2 (v j ) and trivially otherwise. It follows that F ⇀ is isomorphic to the Frobenius digraph of G.
Note that any group constructed in the method described above from graph with chromatic number 3 has Fitting length 3. We will return to this observation later in the paper during further examination of the connection between Fitting lengths and prime graphs.
As an immediate corollary to Theorem 2.8, we observe that the prime graphs of most solvable groups contain a 3-cycle, and in fact classify all exceptions.
Corollary 2.9. The prime graph of any solvable group has girth 3 aside from the following exceptions: the 4-cycle, the 5-cycle, and the 7 unique forests that do not contain an independent set of size 3. Proof. It is easily verifiable that each of the exceptional cases listed above have triangle free and 3-colorable complements, so by Theorem 2.8 each can be realized as the prime graph of some solvable group. Thus it remains to be shown that these exceptions are the only such prime graphs with girth not equal to 3.
Suppose that Γ is a connected non-cycle triangle-free graph on n ≥ 5 vertices with independence number α, chromatic number χ, and maximum vertex degree ∆. By Brooks' Theorem [9] , we have χ ≤ ∆, whence
Thus 2 < √ n < α. It follows from Lucido's Three Primes Lemma that Γ cannot be the prime graph of a solvable group. Likewise, any disconnected triangle free graph on 5 or more vertices necessarily contains an independent set of size 3, as does any m-cycle for m ≥ 6. One can easily verify by exhaustion that the 7 forests pictured above are exactly those forests on 4 or fewer vertices with independence number less than 3. This completes the proof.
We conclude the section with a classification theorem, combining Corollary 2.7 and Theorem 2.8 into the following practical form. 3 Minimal Prime Graphs.
For the remainder of the paper, we present an extended application of Theorem 2.10, which demonstrates how graph theoretic properties can influence the structure of solvable groups.
We first introduce a graph theoretic property we call minimal. Minimality was first observed as a property of the 5-cycle while studying the exceptions to Corollary 2.9. Solvable groups whose prime graphs are isomorphic to 5-cycles were discovered to have certain group theoretic properties; in particular, these groups have Fitting length 3. We prove this in Section 4. We anticipate that this bound generalizes as a result of minimality, and in fact we find in Section 5 that all solvable groups with minimal prime graphs have Fitting length 3 or 4. This result reminds us of Lucido's similar conclusion in [10, Prop. 3] concerning solvable groups with prime graphs of diameter 3.
In this section, we outline some foundational results about minimality, culminating with the observation that a group with a minimal prime graph adheres to a conjectured bound on the number of prime divisors in the orders of its elements.
Definition. If G is a finite solvable group and Γ G satisfies
(c) Γ G \ {pq} is not the prime graph of any solvable group for any p, q ∈ Γ G , then we say that Γ G is minimal.
One can easily verify that the 5-cycle is the smallest minimal prime graph. We now show that any minimal prime graph may be used to construct a new minimal prime graph of greater order. Proof. Let Γ ′ be a minimal prime graph, and take Γ to be the linked duplication of a vertex v ∈ Γ ′ . We denote the added vertex to Γ by u.
Definition. A linked vertex duplication of a vertex v in a graph Γ is the graph constructed by adding a new vertex u and a new edge uv
Let σ : Γ → Γ be the transposition permuting u and v and fixing all other vertices. Since N 1 (u)\{v} = N 1 (v) \ {u}, it follows that Γ is the prime graph of some solvable group. Furthermore, we have that σ ∈ Aut(Γ), so Γ − v is isomorphic to Γ ′ . Thus, by minimality of Γ ′ , we know (Γ − v) − ux is not the prime graph of a solvable group for any x ∈ N 1 (u) \ {v}. Furthermore, there exists an x ∈ Γ so that vx, ux / ∈ Γ and thus Γ − uv contains an independent set of size 3. Therefore, Γ is minimal.
By starting with the 5-cycle and repeatedly taking linked vertex duplications, the reader may produce many examples of minimal prime graphs. It is important to note, however, that not all minimal can be obtained this way. One example is the Grötzsch graph with precisely one edge removed. (The reader should note that the Grötzsch graph is otherwise known as the Mycielski graph of order 4, or the triangle-free graph with chromatic number 4 with the smallest number of vertices [1] .) Intuitively, groups with minimal prime graphs contain as many fixed-point-free actions as possible in a solvable group that is neither Frobenius nor 2-Frobenius, as their Frobenius digraphs are saturated with arrows. This rigid group structure causes their prime graphs to be somewhat well behaved. We see that if a group G has a minimal prime graph, then for all subgroups K G, we have
Proof. Suppose that Γ G is bipartite. Since minimal prime graphs are connected, there exists at least one non-edge between the color classes. Removing this edge from Γ G yields a graph whose with a bipartite, triangle-free complement, which contradicts the minimality of Γ G .
For the remainder of the paper, we fix the following notation. Partition the vertices of Γ G ⇀ into three We proceed with a technical lemma concerning the formation q ← r → p in Γ G ⇀ . Proof. Let P , Q, and R be Sylow p-, q-, and r-subgroups, respectively, of G so that P Q, P R, and QR are subgroups. We know that P R is a Frobenius group with Frobenius kernel P . Thus, R is a Frobenius complement. Also, QR is either a Frobenius group or a 2-Frobenius group of type (r, q, r), but by Corollary 2.3, it cannot be 2-Frobenius. Thus, QR is a Frobenius group with Frobenius kernel Q. It is not difficult to see that this implies that P QR is a subgroup and in fact, it is a Frobenius group with Frobenius kernel P Q. Since a Frobenius kernel is nilpotent, this implies that P and Q centralize each other.
Next, we define the sets Π = {p ∈ Γ G ⇀ : N 2 ↑ (p) = ∅}. We must also introduce the binary octahedral group 2O
Suppose now that sp ∈ Γ G . By minimality, the removal of sp from Γ G must create a triangle in Γ G or increase the chromatic number of Γ G . Suppose s and p are in different color classes of Γ G . Then removing sp from Γ G does not increase the chromatic number of Γ G , so there exists a prime t so that st, tp ∈ Γ G . In the case that s ∈ D, we have that t → s and t → p in Γ G ⇀ . By Corollary 2.6, we know that H pt is a
Frobenius group. Thus, we may apply Lemma 3.4 to see that some Sylow s-subgroup of G normalizes P .
-Frobenius group of type (p, t, s) by Lemma 2.4 and so, P is normalized by a Sylow s-subgroup.
Let s ∈ I. Suppose there exists a prime q ∈ N (p) N (s). We know that H pq is a Frobenius group by Corollary 2.6, so we may apply Lemma 3.4 to show that some Sylow s-subgroup of normalizes P . Assume now that N (p) N (s) = ∅. Then there exists a 2-path r → q → p in Γ G ⇀ for which qs / ∈ Γ G . Since q ∈ D and s ∈ I, there exists a prime t so that tq, ts ∈ Γ G by minimality of Γ G . In particular, t ∈ N 1 ↑ (s). By Corollary 2.7, t → q in Γ G ⇀ . Let H = H stqp . Then Γ H ⇀ consists of exactly the edges t → q, q → p, t → s.
We conclude that Γ H has diameter 3, so by [10, Prop. 3] , either the Fitting length of H is 3 or the Fitting length of H is 4 and the binary octahedral group 2O is a normal section of H.
First, suppose that ℓ F (H) = 4 and 2O is a normal section of H. Since K = H tqp is a 2-Frobenius group of type (p, q, t) by Theorem 2.4, we know q = 2 by Lemma 2.1. Let N and M be the normal subgroups of H so that M/N is isomorphic to 2O. It follows that G/N has a central subgroup of order 2. First we observe that if F 2 (K) ≤ N , then we see that K/N is a cyclic Sylow t-subgroup of G/N . On the other hand, if F 2 (K) is not contained in K ∩ N , then K/(K ∩ N ) ∼ = KN/N is either a Frobenius group or a 2-Frobenius group. Since both Frobenius groups and 2-Frobenius groups have trivial center, we see that we 2 cannot divide |K|. We conclude that neither t nor p can be 2, which forces s = 2. Let L be a Hall {2, t}-subgroup of H. We know that L is either a Frobenius group whose Frobenius kernel is a 2-group or a 2-Frobenius group of type (t, 2, t). Since a Sylow 2-subgroup is not cyclic it cannot be 2-Frobenius of type (t, 2, t) by Lemma 2.3. On the other hand, if L is a Frobenius group, then LN/N cannot have a central subgroup of order 2. Therefore, we conclude that s = 2, and hence we cannot have that ℓ F (H) = 4.
It follows that H has Fitting length 3. If P is not normalized by S, then P Fit(H). So we have t → q → p in the Frobenius digraph of H/ Fit(H). Thus H/ Fit(H) contains a 2-Frobenius group of type (p, q, t), which necessarily has Fitting length 3, a contradiction. This final contradiction shows that S normalizes P for any s ∈ Γ G , so P is normal in G.
We proceed to the first implication of the minimality criterion on the structure of a group, an application emphasizing the 3-colorability condition of Theorem 2.10.
Definition. Given a natural number n, denote by σ(n) the number of prime divisors of n. Define σ(G) = max{σ(o(g)) : g ∈ G}. Call a group σ-reduced if every prime p appears in at most one chief factor of G. Theorem 3.6. For any solvable group G for which Γ G is minimal, σ(|G|) ≤ 3σ(G).
Proof. It can be shown [3, Lem. 16 .17] that G contains at least one σ-reduced subgroup Σ so that σ(|Σ|) = σ(|G|). Since Σ is a subgroup of G, we see that pq ∈ Γ Σ for every pq ∈ Γ G . Furthermore, since Γ G is minimal, every edge in Γ G must be present in Γ Σ . It follows that Γ Σ isomorphic to Γ G , and since the orientation of edges in Γ G ⇀ is closed under subgroups, we see in fact that Γ Σ ⇀ is isomorphic to Γ G ⇀ . Clearly σ(Σ) ≤ σ(G), so we may assume without loss of generality that G is σ-reduced.
Because every prime appears in at most one chief factor of G, every Sylow subgroup of G must be elementary abelian. Every vertex in O and D serves as a Frobenius complement in some Hall subgroup of G or an appropriate quotient group, so it follows that every Sylow p-subgroup for p ∈ O D is cyclic of prime order. Then H pq is cyclic for any p, q ∈ O D for which pq ∈ Γ G . It follows that H O and H D are nilpotent.
To prove that H I is nilpotent, by Proposition 3.5 it suffices to show that H ps is nilpotent for any p ∈ I and s ∈ I \ Π. We know that
Thus if we add the edge ps to Γ G , O, D ∪ {s}, I ∪ {p} remains an admissible 3-coloring. From minimality, p and s must then share an in-neighbor q ∈ O. Thus H ps is either a Frobenius kernel or an upper kernel in a H qps , so H ps is nilpotent.
We conclude that n := max{|O|, |D|, |I|} ≤ σ(G), and therefore
Remark. Theorem 3.6 is motivated by the conjecture [7, 9] that, in fact, σ(|G|) ≤ 3σ(G) for every solvable group G. One may notice that the above approach does not require minimality before proving that I is nilpotent. Therefore this argument implies the general conjecture except for cases where n < σ(G) < |I|, where n = max{|O|, |D|}. In fact, n can actually be strengthened to n = k max{|O k |, |D k |}, where k runs over the components of
, however in general the number of vertices in I can be much greater in non-minimal prime graphs.
4 5-cycles as Prime Graphs.
We continue our discussion of minimal prime graphs by returning to solvable groups with 5-cycle prime graphs. Intuitively, we think of these groups as a primordial model for groups with minimal prime graphs, expecting many of the group theoretic properties resulting from minimality to stem from those exhibited here. We develop this notion by showing that the 5-cycle is not only the minimal prime graph of smallest order, but also that every minimal prime graph contains a 5-cycle. This shows that groups with 5-cycle prime graphs occur as Hall subgroups in every solvable group with a minimal prime graph. From this observation, we are able to quickly derive an upper bound on the Fitting length of any solvable group with a minimal prime graph, though this bound will be improved in the next section. Most importantly, we prove that solvable groups with 5-cycle prime graphs have Fitting length exactly 3.
Lemma 4.1. Every minimal graph contains an induced 5-cycle.
Proof. Let P, Q, and R be the color classes of any 3-coloring of Γ G . Because Γ G is not 2-colorable, we can assume without loss of generality that for a prime p ∈ P , there exists some prime q ∈ Q so that pq ∈ Γ G . Suppose that there exists a prime r ∈ R so that rp, rq ∈ Γ G . By minimality, removing the edge rq will not yield the prime graph of a solvable group. Since r and q are in different color classes in Γ G , the graph Γ G + rq admits the same 3-coloring as Γ G . Thus, there exists some prime p ′ ∈ P so that p ′ r, p ′ q ∈ Γ G . Similarly, since rp ∈ Γ G , there exists some prime q ′ ∈ Q so that q ′ p, q ′ r ∈ Γ G ; whence by Lucido's Three Primes Lemma, p ′ q ′ ∈ Γ G . It follows that Γ G [{p, p ′ , q, q ′ , r}] is isomorphic to the 5-cycle. Now suppose that no prime r ∈ R satisfies pr, qr ∈ Γ G . Again, since Γ G is not 2-colorable, we can assume without loss of generality that there exists a prime r ∈ R so that pr ∈ Γ G , whence rq ∈ Γ G . Similarly, there exists a prime r ′ ∈ R so that qr ′ ∈ Γ G , whence r ′ p ∈ Γ G . Thus, by minimality there exists a prime p ′ ∈ P such that p ′ r, p ′ r ′ ∈ Γ G , whence p ′ q ∈ Γ G . It follows that Γ G [{p, p ′ , q, r, r ′ }] is isomorphic to the 5-cycle.
Remark. In a certain sense, the minimality criterion is a partial converse to Lucido's Three Primes Lemma. Where this lemma asserts that pq, pr ∈ Γ G implies that qr ∈ Γ G , the minimality criterion asserts that when q and r are in different color partitions of Γ G , qr ∈ Γ G implies that there exists a p so that pq, pr ∈ Γ G . Viewed this way, Lucido's Three Primes Lemma together with the minimality criterion assures the existence of a self complementary object in every minimal graph.
Next, we make a simple observation connecting Lemma 4.1 to Proposition 3 of [10] . This allows us to easily derive an upper bound on the Fitting length of a group with a minimal prime graph. Proof. By Proposition 3.5, we have that H Π Fit(G). By Lemma 4.1, Γ G contains at least one induced 5-cycle, each of which has contains at least one vertex in Π. Let ∆ ⊆ Π be the smallest set of vertices such that Γ G [∆] contains no induced 5-cycles. Then there exists a pentagon that loses exactly one vertex in
Every 2-Frobenius group has Fitting length 3, so since every minimal prime graph contains a 2-path, we obtain the lower
To show that solvable groups whose prime graph is isomorphic to a 5-cycle have Fitting length 3, we must first prove a general lemma. 
Proof. Write F = Fit(H) and K = H sr . Note that in each case, Γ H is disconnected, so H must be Frobenius or 2-Frobenius.
(a) By Lemma 2.4, we have that H is 2-Frobenius of type (q, r, s) and thus, F = Q × O s (H) where Q is the Sylow q-subgroup of H. Because H/F is a Frobenius group with an r-group kernel, we see 
, and we have the desired equality. Proof. Let p 1 , . . . , p 5 be the prime divisors of |G|. Because Γ G is also isomorphic to the 5-cycle, we have by Corollary 2.7 that up to isomorphism there exists only one possible Frobenius digraph of G. Without loss of generality, we label Γ G ⇀ as shown in Figure 4 . Figure 4 : Frobenius Digraph of G.
Observe that Π = {p 4 }, I = {p 4 , p 5 }, D = {p 3 }, and O = {p 1 , p 2 }. In particular, H p 1 p 3 p 4 is 2-Frobenius by Lemma 2.4, so the Fitting length of G is at least 3. We apply Proposition 3.5 to see that P 4 is normal in G. Notice that the primes dividing | Fit(G)| must be adjacent to p 4 and to each other.
We first suppose that
is nontrivial. We show that J is normal in G by showing that the normalizer of J contains a Sylow subgroup for every prime dividing |G|. It is obvious that J is normalized by a Sylow p 1 -and p 3 -subgroup of G. 
, and so J is normalized by a Sylow p 5 -subgroup of G. Finally, we use Lemma 4.3(c) to see that
We conclude that a Sylow p 2 -subgroup of G normalizes J. Thus we have shown that J is normal in G. It is not difficult to see that J = O p 1 (G). Any prime divisor of | Fit(G)| must therefore be adjacent to p 1 in Γ G , from which we conclude that F = Fit(G) = J × P 4 .
We now argue that all the Sylow subgroups of G/F are cyclic. Observe that F = Fit (H p 1 p 3 p 4 ) , and since H p 1 p 3 p 4 is 2-Frobenius, we know by Lemma 2.1 that all the Sylow subgroups of H p 1 p 3 p 4 /F are cyclic. This implies that the Sylow p 1 -and p 3 -subgroups of G/F are cyclic.
-subgroup must be cyclic as well. Thus all the Sylow subgroups of G/F are cyclic. It follows that G/F has Fitting length at most 2, and so G has Fitting length at most 3. For this case, this proves the theorem.
Next, suppose that H p 1 p 3 is a Frobenius group. We show that P 5 is normal in G. We know by Lemma 2.5 that P 3 is cyclic, so we have that P 1 is cyclic. We can apply Lemma 3.4 to see that H p 1 p 3 p 5 is a Frobenius group whose Frobenius kernel is a Hall {p 3 , p 5 }-subgroup of G. This implies that the normalizer of P 5 contains Sylow p 1 -and p 3 -subgroups of G. We see that p 2 ∈ N 1 ↑ (p 4 ), so by Corollary 2.6, a H p 2 ,p 4 is a Frobenius group, and by Lemma 3.4, there is a Hall {p 2 , p 4 , p 5 }-subgroup of G that is Frobenius with kernel P 4 P 5 . This implies that P 4 centralizes P 5 , and the normalizer of P 5 contains a Sylow p 2 -subgroup of G. We conclude that P 5 is normal in G. Notice that all the prime divisors of |F | are adjacent to p 5 in
If all Sylow subgroups of G/F are cyclic, then G/F has Fitting length at most 2, so G has Fitting length at most 3. Thus we may assume that some Sylow subgroup of G/F is not cyclic. Since we know the Sylow p 1 -and p 3 -subgroups are cyclic, it must be that a Sylow p 2 -subgroup is not cyclic. We know that a Sylow p 2 -subgroup P 2 is a Frobenius complement, and as it is not cyclic, we must have that P 2 is generalized quaternion. Note that since H p 1 p 3 is a Frobenius group, if p 3 = 3, then we must have p 1 = 2, and this cannot occur since p 2 = 2. Thus, we have that p 3 = 3.
If we assume that F 2 /F is cyclic, then Aut(F 2 /F ) will be abelian, so G/F 2 will also be abelian. In this case, G will have Fitting length at most 3. Thus, for the final step, we may assume that F 2 /F is not cyclic and work to obtain a contradiction.
Let Q/F be the Sylow 2-subgroup of F 2 /F , and let D/F be the Hall 2-complement of F 2 /F . We know that F 2 /F = Q/F × D/F and that D/F is cyclic. Thus, G/F 2 ≤ Aut(Q/F ) × Aut(D/F ). We know that Aut(D/F ) is abelian. On the other hand, Q/F is a subgroup of a generalized quaternion group, and therefore cyclic or generalized quaternion. Thus Aut(Q/F ) is abelian unless Q/F is isomorphic to the quaternion group Q 8 of order 8. In this case, Aut(Q/F ) ∼ = S 3 . We have seen that the conclusion of the theorem holds if G/F 2 is abelian, so we may assume that Q/F is isomorphic to
In particular, G ′ C/C has order 3, so G ′ has a nontrivial Sylow 3-subgroup. Since p 3 = 3 and the only primes dividing |G : F | are p 1 , p 2 = 2, and p 3 , this leaves us with p 1 = 3.
Notice p 3 does not divide |G : C|. Hence, C contains a Sylow p 3 -subgroup P 3 of G. Observe that
. This implies that p 1 = 3 does not divide |F 2 /F |, and thus, D/F is a p 3 -group. Notice that P 3 centralizes Q/F since P 3 ≤ C, and furthermore, since D ≤ P 3 F and P 3 ∼ = P 3 F/F is cyclic, we have since P 3 centralizes D/F . Thus P 3 centralizes F 2 /F , so
Since D/F is cyclic, we know that G/B is abelian. On the other hand, since H p 1 p 3 is a Frobenius group whose Frobenius kernel is P 3 , we see that a Sylow p 1 -subgroup of B/F is trivial, and so B has a trivial Sylow p 1 -subgroup. Since G/B is abelian, G ′ ≤ B, and we conclude that G ′ has a trivial Sylow p 1 -subgroup. However, recalling that p 1 = 3, we saw earlier that G ′ has a nontrivial Sylow p 1 -subgroup. This contradiction completes the proof. We must first present several results that give more detail regarding the structure of a minimal prime graph. We begin by partitioning the sets O and I even further. As we will show in the following lemma, any q ∈ O is in contained in either N 1 ↑ (p) or N 2 ↑ (p) for any p ∈ I. With this in mind, we define
is a disjoint union. We then define the following sets.
We obtain as a result of part (b) in the following lemma that I = Π ∪ Φ is a disjoint union as well.
Lemma 5.1. Let G be a solvable group with a minimal prime graph.
Proof. Suppose that s ∈ O \ N 1 ↑ (p). Then Γ G + {sp} admits the same 3-coloring as Γ G , so by minimality Γ G + {sp} contains a triangle. It follows that there exists a prime d ∈ D so that s → d → p inΓ G ⇀ . This proves part (a). For part (b), we know that if p ∈ Φ, then N 2 ↑ (p) = ∅, so part (b) is an immediate consequence of part (a).
To prove part (c), suppose that sd ∈ Γ G for some prime d ∈ D. Again by minimality, there exists a prime
is nonempty, and thus, p ∈ Π. However, by definition of O 2 , we obtain s ∈ N 2 ↑ (p), contradicting Lucido's Three Primes Lemma. Thus,
We now present an application of Lemmas 2.4 and 2.5 and Corollary 2.6 from which we obtain a characterization of the Sylow subgroups for primes in D and in O. Proof. Suppose q ∈ D and p ∈ N 1 ↓ (q). There exists r ∈ π(G) so that r → q → p ∈ − → Γ G . By Lemma 2.4, a Hall {p, q, r}-subgroup of G is a 2-Frobenius group of type (r, q, p). In light of the definition of type (p, q, r) and Lemma 2.5, we see that q = 2 and a Sylow q-subgroup of G is cyclic, and a Hall {p, q}-subgroup is a Frobenius group whose Frobenius kernel is a Sylow p-subgroup of G. This proves part (a).
To prove part (b), we suppose s ∈ O 1 and t ∈ N 1 ↓ (s). Let p be a prime in Π so that s ∈ O 1 (p). There there exist primes q, r ∈ π(G) so that r → q → p ∈ − → Γ G . We now apply Corollary 2.6 to see that a Hall {s, t}-subgroup of G is a Frobenius group whose Frobenius kernel is a Sylow t-subgroup of G and where a Sylow s-subgroup is a Frobenius complement. We can further characterize the Sylow subgroups in O 2 by dividing them into those which are cyclic and those which are not. Let C denote the primes in s ∈ O for which S is cyclic and set N = O \ C. Note that when s ∈ O 2 and t ∈ N 1 ↓ (s), we have by Lemma 2.2 that H st is Frobenius if and only if s ∈ C.
Proof. We first show that it suffices to find a nilpotent normal subgroup X such that all subgroups of G/X are cyclic or generalized quaternion. If such a subgroup X exists, then let E/X be the Fitting subgroup of G/X. (This means that E is the full pre-image in G of the Fitting subgroup of G/X.) It follows that the Sylow subgroups of E/X are either cyclic or generalized quaternion. Recall that the automorphism group of a cyclic group or a generalized quaternion group that is not the quaternions is abelian, and that the automorphism group of the quaternions is isomorphic to S 3 , and so, has Fitting length 2. We know that C G/X (E/X) ≤ E/X, so G/E is isomorphic to a subgroup of Aut(E/X). It is not difficult to see that Aut(E/X) is isomorphic to a direct product of the automorphism groups of its Sylow subgroups, so
Note that all prime divisors of |G : H Π | lie in C ∪ O 1 ∪ D ∪ Φ. We continue to consider a prime p ∈ Φ.
We have seen that the Sylow subgroups for primes in C ∪ O 1 ∪ D normalize P . If q ∈ Φ, then we know by Lemma 5.1(b) that O 1 (q) contains O, so O 1 (q) is not empty. We see from the previous paragraph that a Sylow q-subgroup of G normalizes P . Hence P H Π /H Π is normal in G/H Π . As this is true for all the primes in Φ, it follows that H I /H Π is normal in G/H Π and nilpotent.
The prime divisors of |G : H I | must lie in C ∪ O 1 ∪ D, and we have seen that in this case the Sylow subgroups for primes in these three sets are cyclic. Thus all Sylow subgroups of G/H I are cyclic. We then have that G/H I has Fitting length at most 2. We claim that D/H I = Fit(G/H I ) is a Hall D-subgroup of G/H Π . Consider a prime s ∈ C ∪ O 1 . Since O * 1 = ∅, there is a prime r ∈ D, so that s → r in Γ G ⇀ .
Similarly, if r ∈ D, we can find a prime s ∈ C ∪ O 1 so that s → r in Γ G ⇀ . In both cases, we have that H rs is a Frobenius group. This implies that s does not divide |D : H Π | and r does not divide |G : D|, which proves the claim.
q ∈ D so that s → q → p in Γ G ⇀ . K be a Hall {p, q, s}-subgroup that contains H sq . Lemma 4.3(a) shows us that J = O s (K). We have that J is normalized by the Sylow p-subgroup P of G, which we recall is normal in G, and is thus centralized by J. Since K is a 2-Frobenius group, we see that C K (P ) = P × J. In particular, we deduce that J is a Sylow s-subgroup of C K (P ). Because this is true for every prime p ∈ Π, we conclude that J is a Sylow s-subgroup of C G (H Π ).
If t ∈ O satisfies N 1 ↓ (s) ∩ N 1 ↓ (t) = ∅, then we may apply Lemma 4.3(c) to see that some Sylow tsubgroup normalizes J. By Lemma 5.1(c), this occurs for all the primes in O ⋆ 2 . If Φ = ∅, then this holds for all primes t ∈ O by Lemma 5.1(b). Notice that this implies that the normalizer of J contains Sylow subgroups for every prime dividing |G|, and so we have that J is normal in G. Thus, we may assume that Φ is empty.
We have shown that J ≤ C G (H Π ). If J is normal in C G (H Π ), then J is characteristic in C G (H Π ) since J is a Sylow s-subgroup of C G (H Π ). Because H Π is normal in G, it follows that C G (H Π ) is normal in G, and hence, J is normal in G. Thus it remains to be proven that J ⊳ C G (H Π ). We now show that every prime dividing |C G (H Π )| is contained in Π ∪ O 2 . If t ∈ O 1 ∪ D, then there is a prime p ∈ Π so that p ∈ N 1 ↓ (t). By Lemma 2.4 and Corollary 2.7, we know that H pt is a Frobenius group, so t does not divide |C G (P )|. Since C G (H Π ) C G (P ), it follows that t does not divide |C G (H Π )|. Since Φ is empty, we can conclude that the only primes that divide |C G (H Π )| lie in Π ∪ O 2 . We have seen that the normalizer of J contains a Sylow subgroup of G for each prime in Π ∪ O 2 , and thus contains a Sylow subgroup of C G (H Π ) for every prime divisor of |C G (H Π )|. Thus C G (H Π ) normalizes J. This proves the theorem.
We now demonstrate that the upper bound in Theorem 5.4 is in fact best possible by explicitly constructing a group of Fitting length 4 with a minimal prime graph. We will see that the Frobenius digraph of the resulting group may be obtained by linked vertex duplication of the 5-cycle. Let K = C 11 ⋊ C 5 be a Frobenius group and take L = K × 2O, where 2O is the binary octahedral group. Let V 1 be an absolutely irreducible F 23 [L]-module so that the fixed point space of the restriction of the module action to C 11 × 2O is trivial. The smallest such V 1 has dimension 10. Let V 2 be an absolutely irreducible F 31 [L]-module so that C 5 ×2O acts fixed point freely on V 2 . The smallest such V 2 has dimension 2. We have computationally verified that (V 1 × V 2 ) ⋊ L has Fitting length 4 and Frobenius digraph which is minimal.
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